Covariant Inertial Forces for Spinors by Fabbri, Luca
ar
X
iv
:1
81
0.
01
29
0v
3 
 [p
hy
sic
s.g
en
-p
h]
  1
1 J
an
 20
19
Covariant Inertial Forces for Spinors
Luca Fabbri
DIME, Università di Genova,
P.Kennedy Pad.D, 16129 Genova, ITALY
(Dated: January 14, 2019)
In this paper we consider the Dirac spinor field in interaction with a background of electrodynamics
and torsion-gravity; by performing the polar reduction we acquire the possibility to introduce a new
set of objects that have the geometrical status of non-vanishing tensors but which seem to contain
the same information of the connection: thus they appear to be describing something that seems like
an inertial force but which is also essentially covariant. After a general introduction, we exemplify
these tensors in the very well known instance of the orbital of minimal energy for an electron in the
case of the Hydrogen atom: we will see that the invariants built with these tensors remain different
from zero even for free field configurations. An outlook regarding possible interpretations of such a
set of tensors will be sketched. A few final comments will eventually be given.
I. INTRODUCTION
As it is well known, Dirac spinor fields can be classified
in terms of the so-called Lounesto classification according
to two classes: singular spinor fields are those subject to
the conditions iψpiψ≡0 and ψψ≡0 while regular spinor
fields are all those for which the two above conditions do
not identically hold [1–3]; for regular spinor fields, it is
possible to perform what is known as polar decomposi-
tion of the Dirac spinor field and from which it is also
possible to have the polar decomposition of Dirac spinor
field equations [4, 5]. The polar decomposition of Dirac
spinor field equations is essentially the way in which these
four complex spinor field equations can be converted into
two real vectorial field equations specifying all derivatives
of the two real degrees of freedom of the Dirac spinor field
as explained in [3, 5]. For a broader review see also [6].
In [7] we have for the first time pointed out that, when
the polar reduction is performed, some background quan-
tities arise, which can be used, with the spin connection,
to construct objects of a very specific type: these objects
are built only in terms of entities arising from local frame
and general coordinate transformations, and as such they
should behave like connections, but nonetheless they have
been proven to be tensors. In [8] we have discussed these
tensors in one specific case involving electrodynamics and
torsion-gravity. In this paper we deepen the discussion.
II. GEOMETRY OF THE DIRAC SPINOR
In the introduction we recalled the basic concepts, and
now we will give them a proper mathematical definition.
A. Kinematic general quantities: polar spinor
To begin, we recall that γa are Clifford matrices, from
which [γa,γb]=4σab and 2iσab=εabcdpiσ
cd are the defini-
tions of the σab and the pi matrix (this matrix is what is
usually indicated as gamma with an index five, but since
in the space-time this index has no meaning we prefer to
employ a notation in which no index appears at all).
For regular spinor fields, as already discussed [3, 5], it is
always possible to write them according to the expression
ψ=φe−
i
2
βpiS


1
0
1
0

 (1)
up to the ψ′=piψ transformation and up to the reversal
of the third axis, with S being a generic complex Lorentz
transformation: this is the polar form of the spinor field.
B. Kinematic general quantities: bilinear quantities
With ψ=ψ†γ0 we indicate the operation of spinor field
conjugation, from which we define the bilinear quantity
Mab=2iψσabψ=2φ
2(cosβujskεjkab+sinβu[asb]) (2)
in terms of independent bilinear axial-vector and vector
Sa=ψγapiψ=2φ2sa (3)
Ua=ψγaψ=2φ2ua (4)
and the bilinear pseudo-scalar and scalar
Θ= iψpiψ=2φ2 sinβ (5)
Φ=ψψ=2φ2 cosβ (6)
with ua the velocity vector and sa the spin axial-vector
and where φ is a scalar and β is a pseudo-scalar known as
module and Yvon-Takabayashi angle (we stress that the
name Takabayashi can sometimes be spelled Takabayasi).
One can easily prove that the directions are such that
uau
a=−sasa=1 (7)
uas
a=0 (8)
and we notice that the velocity vector has only the tem-
poral component while the spin axial-vector has only the
third component when the polar form (1) is taken in the
case in which S is the identity: therefore the module and
the Yvon-Takabayashi angle are the only two real degrees
of freedom as is most manifest when the polar form with
choice S=I is taken into account for the spinorial field.
C. Dynamic field equations: background structure
With Ωabpi spin connection and Aµ gauge potential, we
can next define the space-time and gauge curvatures as
Rijµν=∂µΩ
i
jν−∂νΩijµ+ΩikµΩkjν−ΩikνΩkjµ (9)
Fµν=∂µAν−∂νAµ (10)
and where for the moment all is in the torsionless case.
If we proceed to calculate the derivative of the spinorial
field in polar form (1) and because for the most general
complex Lorentz transformation we can always write
S∂µS
−1= i∂µθI+ 12∂µθijσ
ij (11)
where θ is a generic complex phase and θij=−θji are the
six parameters of the Lorentz group, then we can define
∂µθij−Ωijµ≡Rijµ (12)
∂µθ−qAµ≡Pµ (13)
so that the spinorial covariant derivative is writable as
∇µψ=(∇µ lnφI− i2∇µβpi−iPµI− 12Rijµσij)ψ (14)
from which
∇µsi=Rjiµsj (15)
∇µui=Rjiµuj (16)
telling that (12, 13) are true tensors: from the commuta-
tor of the covariant derivatives of the spinor or from the
commutator of the covariant derivatives of either the ve-
locity or the spin we see that we still have the curvatures
Rijµν=−(∇µRijν−∇νRijµ+RikµRkjν−RikνRkjµ) (17)
qFµν=−(∇µPν−∇νPµ) (18)
as it can also be seen with a straightforward substitution,
and which tell us that the parameters defined in (11) do
not generate any curvature tensor of their own whatever.
Normally Ωabpi and Aµ are the objects inside which all
the physical information is stored beside the information
regarding the reference system, while ∂µθij and ∂µα arise
from local frame transformations alone and thus with no
additional physical information; so Rijν and Pµ contain
the physical information and an appropriately combined
information regarding both the reference system and the
local frame: as such (12, 13) have the content of infor-
mation of connections but as we have also discussed they
do follow the transformation law proper of true tensors.
As a consequence in (12, 13) the physical information is
now accompanied by a type of information that is entirely
due to the frame, and as such susceptible to be vanished
by choice, but also truly tensorial, and as such susceptible
never to be vanished by choice; the only way out seems to
be that this information be always zero, but if this were
the case (12, 13) would vanish when no physical force has
dynamical effects. As we will see, this does not happen.
D. Dynamic field equations: coupling equations
For the dynamics, we assume the action given by
L = 14 (∂W )
2− 12M2W 2+R+ 14F 2 −
−iψγµ∇µψ+XSµWµ+mΦ (19)
in which (∂W )µν is the curl ofWµ being the torsion axial
vector, and where the generality apparently lost when we
defined connections with no torsion is restored by having
torsion included as a massive axial vector field [6].
Varying the above Lagrangian functional with respect
to the fields and employing the polar form of the spinor
field gives the Dirac matter field equations in polar form
1
2εµανιR
ανι−2P ιu[ιsµ] +
+2(∇β/2−XW )µ+2sµm cosβ=0 (20)
R aµa −2P ρuνsαεµρνα +
+2sµm sinβ+∇µ lnφ2=0 (21)
specifying all the first-order derivatives of the module and
the YT angle [7] as well as the geometric field equations
∇2Pµ−∇σ∇µP σ=−2q2φ2uµ (22)
alongside to
∇2(XW )µ−∇α∇µ(XW )α+M2XWµ=2X2φ2sµ (23)
as well as
∇kRkaagρσ−∇iRiσρ−∇ρRσii+R iki Rkσρ +
+R ρik R
kσi− 12R iki Rkaagρσ −
− 12RikaRkaigρσ= 12 [M2(W ρW σ−12WαWαgρσ) +
+ 14 (∂W )
2gρσ−(∂W )σα(∂W )ρα +
+ 14F
2gρσ−F ραF σα −
−φ2[(XW−∇β2 )σsρ+(XW−∇β2 )ρsσ −
−P σuρ−P ρuσ +
+ 14R
σ
ij ε
ρijksk+
1
4R
ρ
ij ε
σijksk]] (24)
specifying second-order derivatives of the gauge poten-
tials, torsion and tetrad fields: these are the field equa-
tions that couple electrodynamics, torsion and gravity to
the currents, spin and energy densities, respectively [8].
As shown above, Riemann and Maxwell tensors can be
written in terms of the Rijk and Pa tensors, in the same
way in which the curl of torsion can be written in terms
of the XWa tensor; this means that the electrodynamic
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and gravitational field equations can be written in terms
of the Rijk and Pa tensors, once again in the same way in
which the torsional field equations are written in terms of
the XWa tensor: all geometrical field equations, like the
material field equations, are written in terms of tensors.
Apart for the fact that torsion is massive, the symme-
try between the torsional and electrodynamic field equa-
tions is remarkable; in the gravitational field equations,
the energy has a term due to the coupling of electrody-
namics and velocity as well as a term due to the coupling
of torsion and spin. Curiously there also is a term due to
the coupling between gravity itself and again the spin.
III. THE HYDROGEN ATOM
In the preliminary section we have seen that for a Dirac
spinor field we can establish the existence of objects be-
having like connections but being true tensors, specifying
that as such they may be thought to vanish once physical
interactions are absent, and eventually warning readers
that this does not happen: to see that we can not have
the vanishing of this tensorial connection we furnish one
notable example of exact solution for the field equations.
For the system we want to study, we neglect torsion-
gravity focusing only on an electrodynamic field, which
is taken as external and non-dynamic with structure
qAt=−α/r (25)
where q2≡α being the fine-structure constant as usual.
A. The standard treatment
We begin with the standard treatment of the hydrogen
atom, specializing to the 1S orbital of minimal energy.
It is possible to look for solutions for which the entire
temporal dependence is taken into account by the energy
eigen-state i∂tψ=Eψ so that in spherical coordinates
~r=

 r sin θ cosϕr sin θ sinϕ
r cos θ

 (26)
the field equations are usually written according to
(E+ α
r
)
(
I 0
0 −I
)
ψ+ i
r
(
0 ~σ ·~r
−~σ ·~r 0
)
∂rψ −
− i
r2
(
0 ~σ ·~r ~σ ·~L
−~σ ·~r ~σ ·~L 0
)
ψ−mψ=0 (27)
as it is easy to check in common textbooks; it is clear that
in order to look for solutions given in terms of separation
of variables, this form is the most apt because the radial
dependence is separated from the angular dependence as
it can be seen from the fact that the angular momentum
~LF =

 i sinϕ∂θF+i cot θ cosϕ∂ϕF−i cosϕ∂θF+i cot θ sinϕ∂ϕF
−i∂ϕF

 (28)
for any function F is given in terms of the elevation and
the azimuthal angles alone: so, solutions for eigen-states
of energy after variables separation will additionally be
for eigen-states of angular momentum, and consequently
they can be classified in terms of these quantum numbers.
For example, the minimum of the energy states corre-
sponds to the 1S orbital given with E=mΓ in the form
ψ= 1√
1+Γ
rΓ−1e−αmre−imΓt


1+Γ
0
iα cos θ
iα sin θeiϕ

 (29)
where Γ=
√
1− α2 as it can be seen by plugging it into
equations (27) with operator (28) and verifying that the
computations check out. It is then straightforward to see
that, introducing ∆(θ)=1/
√
1−α2|sin θ|2 for the sake of
simplicity, the vectors are given according to expressions
s0=0 (30)
s1=(1−Γ)∆(θ) sin θ cos θ cosϕ (31)
s2=(1−Γ)∆(θ) sin θ cos θ sinϕ (32)
s3=∆(θ)(|cos θ|2+Γ|sin θ|2) (33)
u0=∆(θ) (34)
u1=−α∆(θ) sin θ sinϕ (35)
u2=α∆(θ) sin θ cosϕ (36)
u3=0 (37)
while
β=− arctan (αΓ cos θ) (38)
φ=rΓ−1e−αmr(1 − α2|sin θ|2) 14 (39)
showing that spin and velocity are orthogonal while the
velocity does not have the third component and that the
YT angle depends only on the elevation angle while the
module depends on both radial coordinate and elevation
angle, thus making clear that in relativistic cases also the
minimum energy 1S orbital is not spherically symmetric.
We will now move to a treatment less standard.
B. The covariant approach
Equations (27) with (28) are standard, but it is not at
all clear how they are a specific case of the most general
Dirac spinor field equations written in terms of covariant
derivatives: next we are going to render this manifest by
showing how (27, 28) are the Dirac equation written with
a spinorial covariant derivative in a very special case.
In spherical coordinates the metric tensor is given by
gtt=1 (40)
grr=−1 (41)
gθθ=−r2 (42)
gϕϕ=−r2|sin θ|2 (43)
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with connection
Λθθr=
1
r
(44)
Λrθθ=−r (45)
Λϕϕr=
1
r
(46)
Λrϕϕ=−r|sin θ|2 (47)
Λϕϕθ=cot θ (48)
Λθϕϕ=− cot θ|sin θ|2 (49)
giving a Riemann curvature identically equal to zero as
expected; when treating spinors it is necessary to intro-
duce tetrad vectors, and although their choice is unique
only up to Lorentz transformations, the tetrad vectors
e0t =1 (50)
e1r=sin θ cosϕ e
2
r=sin θ sinϕ e
3
r=cos θ (51)
e1θ=r cos θ cosϕ e
2
θ=r cos θ sinϕ e
3
θ=−r sin θ (52)
e1ϕ=−r sin θ sinϕ e2ϕ=r sin θ cosϕ (53)
and
et0=1 (54)
er1=sin θ cosϕ e
r
2=sin θ sinϕ e
r
3=cos θ (55)
eθ1=
1
r
cos θ cosϕ eθ2=
1
r
cos θ sinϕ eθ3=− 1r sin θ (56)
eϕ1 =− 1r sin θ sinϕ eϕ2 = 1r sin θ cosϕ (57)
constitute a special choice since they are those whose spin
connection identically vanishes: this is the special choice
of tetrad vectors giving rise to the covariant derivative in
terms of which the Dirac spinor field equation is identical
to what we obtain when (28) is plugged into (27) above,
and so we did manage to write the standard form of Dirac
equation as a special case of the general Dirac equation.
From (15, 16) and (30–37) we can see that
∂θθ01=α cos θ|∆(θ)|2 sinϕ (58)
∂θθ02=−α cos θ|∆(θ)|2 cosϕ (59)
∂θθ23=(1−Γ|∆(θ)|2) sinϕ (60)
∂θθ31=−(1−Γ|∆(θ)|2) cosϕ (61)
∂ϕθ12=−1 (62)
in this frame: since the spin connection vanishes then we
have that ∂µθij≡Rijµ and these constitute a true tensor.
And additionally, we have that Pt=E+α/r identically.
With these components of Rijµ and Pµ and considering
expressions of sa and ua and (38, 39) then (20, 21) hold.
We will now employ covariance to have this special case
converted into a complementary type of special case.
C. The polar form
In the previous subsection, we studied the polar form
in the very special case where Ωijµ=0 identically; on the
other hand, we can take advantage of covariance to move
into the system of reference in which the polar form is in
the complementary case where ∂µθij=0 identically: this
case corresponds to a spinor at rest and with spin aligned
along the third axis and with the positive orientation.
We employ the possibility to rotate the spin along the
third axis and boost into the rest frame so that
ψ=φ e−i(mΓt−
1
2
ϕ)e−
i
2
βpi


√
2
0
0
0

 (63)
which is the polar form; then the spin has only the third
spatial component whereas the velocity has only the time
component and we still have the degrees of freedom
β=− arctan (αΓ cos θ) (64)
φ=rΓ−1e−αmr(1 − α2|sin θ|2) 14 (65)
as it should have been expected for they are scalar fields.
Then the metric tensor and the connection do not have
any modification; the tetrad vectors become
e0t =cosh (2η) e
2
t =− sinh (2η) (66)
e1r=sin (θ−2ζ) e3r=cos (θ−2ζ) (67)
e1θ=r cos (θ−2ζ) e3θ=−r sin (θ−2ζ) (68)
e0ϕ=−r sin θ sinh (2η) e2ϕ=r sin θ cosh (2η) (69)
and
et0=cosh (2η) e
t
2=sinh (2η) (70)
er1=sin (θ−2ζ) er3=cos (θ−2ζ) (71)
eθ1=
1
r
cos (θ−2ζ) eθ3=− 1r sin (θ−2ζ) (72)
eϕ0 =
1
r sin θ sinh (2η) e
ϕ
2 =
1
r sin θ cosh (2η) (73)
where we have the identities
sin (θ−2ζ)=Γ sin θ∆ (74)
cos (θ−2ζ)=cos θ∆ (75)
and
sinh (2η)=α sin θ∆ (76)
cosh (2η)=∆ (77)
with
sin (2ζ)=(1−Γ) cosθ sin θ∆ (78)
cos (2ζ)=(|cos θ|2 + Γ|sin θ|2)∆ (79)
as well as
sinh η= 1√
2
√
∆−1 (80)
cosh η= 1√
2
√
∆+1 (81)
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and
sin ζ= 1√
2
√
1−(|cosθ|2+Γ|sin θ|2)∆ (82)
cos ζ= 1√
2
√
1+(|cos θ|2+Γ|sin θ|2)∆ (83)
in terms of the angle
ζ=arctan
(√
1−(|cosθ|2+Γ|sin θ|2)∆
1+(|cosθ|2+Γ|sin θ|2)∆
)
(84)
and the rapidity
η=ln
(√
(∆+1)/2 +
√
(∆−1)/2
)
(85)
of the rotation and the boost that are needed in order to
obtain the spinor field in the full polar form.
As a consequence, we have the expressions
Rtϕθ=−αr sin θ cos θ|∆(θ)|2 (86)
Rrθθ=−r(1−Γ|∆(θ)|2) (87)
Rrϕϕ=−r|sin θ|2 (88)
Rθϕϕ=−r2 sin θ cos θ (89)
as well as Pt=E+α/r and Pϕ=−1/2 identically.
With all these elements it is now possible to check that
the Dirac spinor field equations are verified indeed.
We may now proceed to discuss all these elements.
IV. TENSORIAL CONNECTIONS
In the first section we introduced the Rijk and Pa coef-
ficients discussing how they behave like connections but
being true tensors. In the second section we studied the
hydrogen atom as an example of a system where we could
actually compute these objects in an explicit manner.
Now we will employ this prototypical case to extract
information about the Rijk and Pa tensorial connections.
Despite employing a very particular situation we will
still try to gather information of general validity.
A. Invariant combinations
The coefficients Rijk and Pa are real tensor fields, and
consequently it makes sense to decompose them in irre-
ducible parts: Pa is irreducible but Rijk has trace
Ra=R
c
ac (90)
the dual of its completely antisymmetric part
Ba=
1
2εaijkR
ijk (91)
and with which it is possible to obtain the non-completely
antisymmetric irreducible part given by the expression
Πijk=Rijk− 13 (Riηjk−Rjηik)− 13εijkaBa (92)
such that Π aia =0 and Πijkε
ijka=0 hold identically.
We can also compute the invariants, the simplest being
given by the squared tensors: after a simple inventory we
see that from Pa we can compute only PaP
a whereas for
the Rijk=−Rjik we have the possible contractions given
by the scalarsR cac R
ai
i andRijkR
kij withRijkR
ijk as well
as the pseudo-scalars R qpq Rijkε
pijk andRijcR
c
pq ε
ijpq or
R cac R
ai
i=RaR
a (93)
and
RijkR
kij=− 13RiRi− 23BaBa− 12ΠijkΠijk (94)
with
1
2RijkR
ijk= 13RiR
i− 13BaBa+ 12ΠijkΠijk (95)
as well as
1
2R
q
pq Rijkε
pijk=RaB
a (96)
and
1
4RijcR
c
pq ε
ijpq= 23RaB
a+ 14ΠijcΠ
c
pq ε
ijpq (97)
written in terms of the irreducible parts and thus showing
that these five are all the independent contractions.
If we consider field equations (20, 21), it also becomes
possible to establish a link between the Pa and Rijk as
Pµ=m cosβuµ− 12 (∇kβ−2XWk+Bk)s[kuµ] −
− 12 (∇k lnφ2+Rk)sjuiεkjiµ (98)
although it is only a link between Pa and the two vectorial
parts of Rijk and not a link to the full tensor.
By evaluating the square we obtain the relationships
PaP
a=m2|cosβ|2−m cosβ(∇β−2XW+B)·s+
+
∣∣1
2 (∇β−2XW+B)·s
∣∣2−∣∣12 (∇β−2XW+B)·u∣∣2 +
+
∣∣1
2 (∇ ln φ2+R)·s
∣∣2−∣∣12 (∇ lnφ2+R)·u∣∣2 +
+ 14 |∇ lnφ2+R|2 (99)
which are the relationships of dispersion in general cases.
B. Special cases
The actual computation in the special case that we are
considering furnishes the following six combinations
PaP
a=(mΓ+α/r)2−∣∣ 12r sin θ ∣∣2 (100)
RaR
a=− 1
r2
[
(2−Γ∆2)2+|cot θ|2] (101)
BaB
a=− 1
r2
α2|cos θ|2∆4 (102)
1
2RijkR
ijk= 1
r2
[
α2|cos θ|2∆4−(1−Γ∆2)2− 1|sin θ|2
]
(103)
RaB
a= 1
r2
α cos θ∆2(2−Γ∆2) (104)
1
4RijcR
c
pq ε
ijpq= 2
r2
α cos θ∆2(1−Γ∆2) (105)
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as the total number of independent squared scalar fields.
If the hydrogen atom is taken when the fine structure
constant goes to zero we obtain the free case as
PaP
a=m2+ 14RaR
a=m2−
∣∣ 1
2r sin θ
∣∣2 (106)
showing that not even in free case are these tensors zero.
Hence we have a situation where some of the indepen-
dent squared invariants built with Pa and Rijk do remain
different from zero even in the free field configuration.
V. COMMENT
In the first section we have seen that Rijk and Pa have
the character of connections while being true tensors; and
in the second section we have seen examples showing that
they are not zero: thus they are generally non-vanishing
tensors behaving like connections, and as a consequence
we found it natural to call them tensorial connections.
Such tensorial connections, because of the way in which
they are constructed, contain both information about the
physical interactions and the reference system, but since
they are tensors, this information is to be covariant under
frame transformations: the information about a physical
interaction is always covariant under frame transforma-
tions, but the information about the reference system is
in general not, so we wondered whether it could be zero
in any circumstance, although we found one notable sit-
uation in which it was not equal to zero whatsoever.
As a consequence, we must admit the existence of types
of information that despite being pertinent to a reference
system, nevertheless are frame independent establishing
the existence of truly covariant inertial forces.
These forces are still inertial in their lack of coupling
to sources, since they possess no curvature.
A. Interpretation
Even if there is no coupling for these inertial forces, the
fact that these forces are at a time inertial and covariant
poses some problem of meaning because they do not look
like anything we already know. On the other hand, some
analogy may be formed if we consider that they seem to
appear only in spinorial systems and so something must
be related to the spin structure. A parallel can be made
on analogies between orbital angular momentum and spin
in the case of the macroscopic and the spinorial systems.
For macroscopic systems, the point-like particle has an
orbital angular momentum, but we can always render it
equal to zero into the particle rest-frame. Instead for the
spinor systems, the spin behaves as some orbital angular
momentum, but it is different for it can never vanish.
As for macroscopic systems, both orbital angular mo-
menta and inertial forces are present for rotational mo-
tions, but they can always be removed in the rest-frame,
similarly, for spinorial systems, both spin and covariant
inertial forces are present, and they are truly covariant.
Such covariant inertial forces and the spin are covari-
ant because they are intrinsic features of spinor fields.
Not because they are effects emerging from motion.
VI. CONCLUSION
In this paper we have seen that for spinorial fields, it
is possible to define two objects Pa and Rijk which have
the apparently contradictory feature of containing all in-
formation of a connection, that is both the information
about physical interactions and about the reference sys-
tem, but being tensors, that is frame-independent; phys-
ical interactions are known to be covariant, while infor-
mation about the reference system is in general not, al-
though we have seen that this type of information about
the reference system but being frame-independent cannot
be simply dismissed as inexistent, since we gave an ex-
ample of situation in which it was not: therefore we were
forced to assume the existence of generally non-vanishing
tensors behaving like connections, which we called tenso-
rial connections, encoding a type of information that can
be thought as a covariant inertial force. These forces are
still inertial in their lacking the coupling to a source.
In their appearing only for spinorial systems, and being
objects related to rotations while being covariant, these
covariant inertial forces parallel the spin: both are intrin-
sic features. And neither results from a motion.
So far as we know, this is the first occurrence in which
such covariant inertial forces for the spinorial field is dis-
cussed anywhere in existing literature.
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